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Abstract-This paper proposes a multi-objective evolution
ary algorithm-based optimal posture controller to generate an 
optimal trajectory of humanoid robots against external dis
turbance using an iterative linear quadratic regulator (ILQR) 
and concurrently optimize multiple performance criteria. As the 
dimensionality of nonlinear system increases, it is difficult to find 
the weighting matrices of cost function in ILQR. In the proposed 
method, this problem is solved by employing a multi-objective 
quantum-inspired evolutionary algorithm (MQEA) to obtain 
nondominated solutions of the weighting matrices generating 
various optimal trajectories that satisfy multiple performance 
criteria. Among numerous nondominated solutions generated 
from MQEA, fuzzy measure and fuzzy integral are employed for 
global evaluation by integrating the partial evaluation of each of 
them over criteria with respect to user's degree of consideration 
for each criterion. The effectiveness of the proposed method is 
verified by computer simulations for the problem of balancing 
the posture of a humanoid robot against external impulse force, 
where the robot is modeled by a four-link inverted pendulum. 

I. INTRODUCTION 

Learning controllers having discretized state and action 
space confront with the dimensionality of domain and the 
computational complexity. Thus, many optimal controllers are 
applied to learn high-dimensional and nonlinear dynamical 
systems in continuous state, action, and time spaces. The 
trajectory-based techniques, such as differential dynamic pro
gramming (DDP) [1]-[3] and iterative linear quadratic regula
tor (ILQR) [4], were introduced to compute a locally optimal 
feedback control law for such nonlinear dynamical systems. 

The trajectory-based optimal controllers have been applied 
to the posture control of humanoid robot from unexpected 
external disturbances [5], [6]. Biomechanics researchers have 
classified the posture control of humans into two strategies: 
the ankle strategy and the hip strategy [7]. If the disturbances 
are large and robot is unable to balance its posture, steps have 
to be taken to increase the region of zero moment point (ZMP) 
[8], [9]. Atkeson et al. showed that a single optimization 
criterion can be used to generate the multiple balance recovery 
strategies [10], [11]. Liu et al. extended the optimal controller 
to handle both instantaneous and continuous disturbances [12]. 

Posture controllers that generate an optimal trajectory of 
humanoid robot should satisfy the multiple numbers of perfor
mance criteria simultaneously, such as increasing the accuracy 
of final state, decreasing the amount of energy and the recovery 
time. Depending on the initialization of cost functions of DDP 
and ILQR, the resultant criteria values significantly change 
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as the dynamical system of humanoid robot becomes more 
complex. Since the several criteria conflict each other at the 
same time, multi-objective evolutionary algorithm (MOEA) 
should be applied to multi-objective optimization problem 
(MOP). 

This paper proposes a multi-objective evolutionary 
algorithm-based optimal posture controller for humanoid 
robots, which generates an optimal trajectory by using ILQR 
and concurrently optimizes the weighting matrices of cost 
function to satisfy the multiple performance criteria by 
using MOEA. Multi-objective quantum-inspired evolutionary 
algorithm (MQEA) [13]-[l7] is used as MOEA, which 
is an extended version of quantum-inspired evolutionary 
algorithm (QEA) for MOPs [18], [19]. The advantage of 
MQEA is that it starts with a global search scheme and 
then automatically changes to a local search scheme due to 
the inherent probabilistic mechanism, which leads to a good 
balance between exploration and exploitation. In addition, the 
quality of solutions is improved while preserving diversity 
during the multiple observation process. Parts of this paper 
have appeared at conference [20]. 

When the set of nondominated solutions is obtained from 
MQEA, a preferred solution has to be selected based on the 
user's preference for each objective and the global evaluation 
over each objective. In this paper, the user's preference is 
represented by employing fuzzy measure and then the global 
evaluation of each solution is calculated by using fuzzy 
integral. Utilizing both fuzzy measure and fuzzy integral in the 
process of selecting a preferred solution among nondominated 
solutions perform well for MOPs, where the performance 
criteria are dependent on one another. 

To verify the effectiveness of the proposed method, com
puter simulations are carried out for the problem of balancing 
the posture of a humanoid robot against external impulse force. 
The four-link inverted pendulum model is used as a nonlinear 
dynamical system, which represents the dominant dynamics 
of a humanoid robot (calf, thigh, torso, and arm) in double 
support phase. Simulation results confirm that the proposed 
method has generated various optimal link trajectories that 
satisfy multiple performance criteria. 

This paper is organized as follows: Section II describes the 
humanoid robot and external impulse force model, which are 
used as the optimal control problem to be solved. Section III 
briefly reviews iterative linear quadratic regulator, which is 
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Fig. 1. Schematic drawing of four-link inverted pendulum as a simplified 
humanoid robot. 

TABLE I 
PARAMETER SETTINGS OF SIMPLIFIED HUMANOID ROBOT 

Calf 
Thigh 
Torso 
Arm 

II Link I Mass (kg) I Length (m) I Range (rad) 

1 17.50 0.5 45 � 110 
2 17.50 0.5 -0.5 � 1400 
3 26.25 1.0 -85° � 5° 
4 8.75 1.0 -30u � 140u 

used as an optimal controller. Section IV presents the basis of 
MQEA to deal with multi-objectives and the method of select
ing a preferred solution among nondominated solutions using 
the fuzzy measure and fuzzy integral. Section V describe the 
simulation results and concluding remarks follow in Section 
VI. 

II. HUMANOI D ROBOT AND EXTERNAL IMPUL SE FORCE 

MODEL 

The control objective is to stabilize a humanoid robot into 
an upright position against external impulse force. As shown in 
Fig. 1, a four-link inverted pendulum represents a simplified 
model of humanoid robot, which includes calf, thigh, torso, 
and arm. Based on [11], the values of link mass, length, and 
operating range are summarized in Table I. The maximum 
torque value for each of the four links is set as ±500 N·m. 
It is assumed that the link is a weightless telescopic limb and 
mass is concentrated at a single point. 

The simplified humanoid robot has the following dynamic 
equation: 

T = M(8)B + V(8, iJ) + G(8) (1) 

where T is the control input, and M, V, and G represent 
the mass matrix, centrifugal and Coriolis matrix, and gravity 
matrix, respectively. When eight outputs - four link angles (81, 
82, 83, and 84) and their angular velocities (iJ1, iJ2, iJ3, and iJ4) 
- are measured, the model is controlled by four input torques 
(T1, T2, T3, and T4). The iterative Newton-Euler equations are 

applied to determine the symbolic expression of M, V, and G 
matrices by using MATLAB. 

The forward dynamics can be computed based on the values 
of M, V, and G matrices as follows: 

B = M-1(8)(T - V(8, iJ) - G(8)) (2) 

and the system can be represented as a state space form as 
follows: 

x = A(x) + B(x)n (3) 

. . . .  
T where the state, x, equals [81,82,83,84,81,82,83,84] and the 

control, n, equals h, T2, T3, T4V. Since the humanoid robot 
is initially in upright position, the initial value of state, Xo, 

equals [900,0,0,1800,0,0,0, O]T. This state space equation 
is transfonned into discrete-time domain and then optimal 
control method is applied to find the optimal trajectories of 
humanoid robot when the external impulse force is applied. 

A. Modeling External Impulse Force 

When a horizontal impulse force is applied to the humanoid 
robot, its dynamic equation and the joint velocities change as 
follows: 

( iJ+ iJ- ) 
T+JT(8)Ie=M(8) ;;'t +V(8,iJ)+G(8) (4) 

where J and Ie represents the Jacobian matrix and the impulse 
force at the contact point, and iJ+ is the modified joint 
velocities once the impulse force is applied. MATLAB is used 
to determine the symbolic representation of Jacobian matrix 
by solving the velocity of last link with respect to each link 
starting from the ground. 

Since 6.t approaches 0 for impulse force, (4) can be 
simplified as follows: 

(5) 

and iJ+ becomes 

It is assumed that the horizontal impulse force is applied at 
the top-point of torso (shoulder). Note that the values of V 
and G matrices cannot be neglected when continuous force 
is applied as external disturbance. Iterative linear quadratic 
regulator (ILQR) described in Section III is used to find the 
optimal trajectory of states, which stabilizes the humanoid 
robot into upright position. 

III. GENERATING OPTIMAL TRAJECTORY 

Nonlinear dynamic equation of humanoid robot can be 
represented in a discrete-time form as follows: 

(7) 
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with states Xk E IRnx and controls Uk E IRnu. The cost function 
is expressed in the quadratic form as follows: 

J =�(XN - x*fQf(XN - x*) 
N-1 

1", T T + "2 � (xk QXk + uk RUk) 
k=O 

(8) 

where XN and x* represent the final state and the given target, 
respectively. In our case, the target is equivalent to the initial 
value of state mentioned in Section II. Qf and Q are the state 
cost-weighting matrices and R is the control cost-weighting 
matrix, where all these matrices are symmetric and positive 
definite. The size of Qf and Q is 8 x 8, where R is 4 x 4. 
In our case, the cost weighting matrices - Qf, Q, and R -
are set as a diagonal matrix with the diagonal entries are all 
positive. In addition, the diagonal entries of Qf and Q are 
set as identical. The control objective is to find the optimal 
trajectory of states by using ll.,QR, which minimizes the cost 
function over a time step, N. 

A. Iterative Linear Quadratic Regulator 

ILQR [4] is an iterative scheme, which starts with a nominal 
control sequence, Ub and a corresponding nominal trajectory, 
Xb to calculate the sequence of optimal control input by 
linearizing the system dynamics around Uk and Xk. If bUk 
and bXk are deviations from nominal Uk and Xb the nonlinear 
dynamical system can be linearized as follows: 

(9) 

where Ak and Bk are evaluated lacobians along Xk and Uk with 
respect to x and u, respectively. The symbolic representations 
of Ak and Bk matrices are found directly by using the 
Jacobian function in MATLAB, where the size of Ak and 

Bk is 8 by 8 and 8 by 4, respectively. 
Every iteration is comprised of two sweeps of trajectory: a 

backward and a forward sweep. In the backward sweep, the 
Lagrange multiplier, bAb is found by calculating the unknown 
sequences of Sk and Vk as follows: 

(lO) 

with the boundary conditions, 

(11) 

Given the final condition of Sk and Vb the sequences of Sk 
and Vk are calculated as follows: 

and 

Sk =Afsk+1[1 - Bk(Bfsk+1Bk + R)-lBfsk+ljAk 
+ Q (12) 

Vk =Af vk+1 - AfSk+1[1 - Bk(BfSk+1Bk + R)-l 

BfSk+1jBkR-IBf Vk+1 - Afsk+l [1-
Bk(BfSk+1Bk + R)-lBfSk+1jBkuk + QXk. (13) 

In the forward sweep of ILQR iteration, the optimal control 
improvement, bUb is calculated as follows: 

bUk = - (R + Bfsk+lBk)-lBfsk+lAkbxk 
- (R + Bfsk+lBk)-lBf Vk+l 
- (R + BfSk+1Bk)-lRuk. (14) 

Then an improved control sequence can be found as, uk = 
Uk + bUb which results in a new nominal trajectory, xk. 
Norm value of state is calculated for every iteration, and the 
backward and forward sweeps are iterated until the norm value 
converges to a certain desired value, which is defined by the 
user. 

IV. OPTIMIZI NG CO ST-WEIGHTI NG MATRI CE S  

The main objective of optimal control problems is to find the 
optimal trajectory of states from starting point to target within 
a minimal time frame, a minimal state error, and a minimal 
required energy. However, performance criteria, such as the 
accuracy of final state, the amount of energy required, and the 
time that takes to the target, vary according to the values of 
cost-weighting matrices. Thus, an evolutionary optimization 
method is used to find the values of Qf, Q, and R that 
minimize these performance criteria. 

In case of single-objective evolutionary algorithms, the 
fitness of solution is evaluated by sUlmning up the values of 
each fitness. However, MOEA is more suitable for satisfying 
multiple performance criteria simultaneously because it pro
vides multiple nondominated solutions in particular when the 
criteria conflict with each other. The objective functions in this 
MOP are defined as follows: 

4 

h = L(8iN - 8;)2, 
i=l 

N 4 

L LTik 
12 = k=O;/ 
13 = tree (15) 

where h, 12, and h correspond to the objective functions of 
root mean squared error (RMSE) of link angles at a final time 
step, mean value of applied torques, and recovery time (tree), 
respectively. Note that ts is the time taken to reach the target 
state by using the optimal controller. 

A. Multi-objective Quantum-inspired Evolutionary Algorithm 

The posture controller based on ll.,QR provides a local 
optimal trajectory of state. Depending on the initialization of 
cost-weighting matrices, the generated optimal trajectory may 
converge to the target state or diverge to unstable behavior, 
where three objective values may vary for the converging 
cases according to the values of Qf, Q, and R. Thus, this 
paper uses MQEA to optimize the values of cost-weighting 
matrices, which ultimately generate multiple Pareto-optimal 
trajectories that minimize multiple objective values. MQEA 
provides multiple nondominated solutions of those values and 
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Algorithm 1 Preferred Solution Selection Algorithm 

begin 
i) define the set of objectives in MOP 
ii) calculate A-fuzzy measures 
iii) normalize the nondominated solutions to get the 

partial evaluation value 
iv) calculate the global evaluation value using fuzzy 

integral for A-fuzzy measures and partial evaluation 
values 

v) select the one with the highest global evaluation value 
as the preferred solution 

end 

the relationships among objective functions, which allows a 
user to verify the significant factor for each objective function 
that influence the overall control system. 

Instead of binary, numeric or symbolic representations, 
QEA [18] utilizes Q-bit as a probabilistic representation, which 
is based on the concept of qubits in quantum computing. 
During the evolutionary process, more diverse individuals 
are generated because the Q-bit individual represents linear 
superposition of all possible states probabilistically. Thus, 
QEA handles the balance between exploration and exploitation 
more easily as compared to conventional genetic algorithms. 
QEA also explores the search space with a small number of 
individuals and exploits a global solution in the search space 
within a short span of time. 

MQEA enhances the proximity of nondominated solutions 
to Pareto-optimal front. MQEA combines the framework of 
QEA and MOEA such as NSGA-II to minimize each objective 
function stated in (15). The detailed procedure of MQEA 
and its structure for multi-objective optimization problems are 
described in [15]-[17]. 

B. Preferred Solution Selection Algorithm 

Among numerous nondominated solutions generated from 
MQEA, one solution must be selected in order to be applied 
in real-world application. These solutions cannot be directly 
compared against each other because they are optimized to 
multiple performance criteria. Thus, PSSA is used to calculate 
a value of global evaluation of each nondominated solution 
by considering the user's degree of consideration and partial 
evaluation over each objective [21]. 

In PSSA, the user's preference degree of each objective 
is represented by fuzzy measure [22], [23] and then global 
evaluation of each nondominated solution is calculated by 
using fuzzy integral. Algorithm 1 summarizes the overall 
procedure of PSSA, where each step is described in detail 
as follows. 

i) The objectives of MOP are defined as the performance 
criteria of fuzzy integral. 

ii) A-fuzzy measure is used to represent the user's preference 
degree of each criterion, which is classified as belief measure, 
plausibility measure, and probability measure. A is determined 

by the interaction degree, �, where A = (1�p2 - 1. Depending 

TABLE II 
PARAMETER SETTINGS OF I LQR AND MQEA. 

Algorithm I Parameter I Value 

Sampling time (sec) 0.01 
ILQR Final time step (N) 500 

Number of iterations 3 
Size of global population 50 
Number of generations 10 

MQEA Size of subpopulation 2 
Number of subpopulation 5 

Number of multiple observations 5 

on the value of A, fuzzy measure is considered as belief 
measure (A > 0), plausibility measure (A < 0), or probability 
measure (A = 0). To find the values of A-fuzzy measures of 
a set of performance criteria, a pairwise comparison matrix 
is initially defined by user for representing relative preference 
degree of each criterion [24]. Secondly, the normalized weights 
are calculated by adding each row of pairwise comparison 
matrix and dividing it by the total sum of the related matrix. 
Lastly, A-fuzzy measures are calculated using the normalized 
weights [22]. 

iii) The value of partial evaluation of each nondominated 
solution over each objective is calculated by normalizing the 
objective function value to 1. 

iv) The value of global evaluation of each nondominated 
solution is calculated by using fuzzy integral for the A-fuzzy 
measure and the value of partial evaluation, which are obtained 
from previous steps [23]. 

v) The one with the highest value of global evaluation is 
selected as the preferred solution. 

V. SIMULATION RE SULT S 

A. Simulation Environment 

The ILQR was used to generate optimal trajectory of 
humanoid robot, where MQEA optimized the set of cost
weighting matrices to satisfy the multiple performance criteria 
and PSSA was used to select the preferred solution out of 
nondominated solutions. Initial state of humanoid robot was 
in upright position, where 20 N·m of external impulse force 
was applied for 0.5 sec at the top-point of torso. During this 
period, zero torque was applied to all four links. 

Since the diagonal entries of Qf and Q are set as identical, 
it makes 12 parameters to be optimized to satisfy three 
performance criteria. Note that the maximum and minimum 
boundary values were given to enhance simulation efficiency. 
In the simulation, the maximum value of cost-weighting matri
ces related to link angle, angular velocity, and applied torque 
were 3,000.0, 5.0, and 1.0 x 10 - 5 , respectively, where the 
minimum value was O. Parameters used in ILQR and MQEA 
are given in Table II, where the values used in ILQR, such as 
the number of iterations and the final time step, were obtained 
from the previous MATLAB test. 

For PSSA, Choquet fuzzy integral was used to calculate 
the value of global evaluation for all nondominated solutions. 
The value of interaction degree, �, was set to 0.25 for belief 
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TABLE III 
OBJECTIVE FUNCTION VALUES OF SELECTED NONDOMINATED 

SOLUTIONS. 

Case 1 (Belief Measure) 
Case 1 (Plausibility Measure) 
Case 2 (Belief Measure) 
Case 2 (Plausibility Measure) 

II II h I h I 
3.32 231.03 1.69 
2.76 398.03 2.59 
4.26 188.59 1.11 
4.30 208.72 1.06 

measure and 0.75 for plausibility measure. Two cases for 
multiple objectives were considered in the simulation: placing 
more emphasis on decreasing the RMSE of final link angles 
(h : 12 : 13 = 10 : 2 : 1) for 'Case l' and on decreasing 
the recovery time (h : 12 : 13 = 1 : 2 : 10) for 'Case 2'. In 
order to find the value of partial evaluation for nondominated 
solutions, values of objective function were normalized to 1. 

B. Results 

Fig. 2 shows four selected solutions out of the nondominated 
solutions obtained using ILQR, MQEA, and PSSA in two
objective spaces when 20 N·m of external disturbance is 
applied for 0.5 sec at the top-point of torso. The relationship 
between the applied torques (h) and the recovery time (h) 
was roughly linear; but the relationships between the link 
errors (h) and the applied torques (h), and between the 
link errors (h) and the recovery time (h) were inversely 
proportional. This means that if the value of final link error 
decreases, the applied torque and the number of time step 
to reach the target state increase. These relationships denote 
that it is impossible to generate an optimal trajectory that 
minimizes all three performance criteria simultaneously. 

Table III presents the objective function values of the four 
selected solutions for two simulation cases. Since the higher 
preference was given to h in 'Case 1', the solution selected 
by the plausibility measure had a minimum value of h, 
which was equal to 2.76°, and a maximum value of 12 
and 13, which were equal to 398.03 N·m and 2.59 seconds, 
respectively. In contrast, the solution selected by the belief 
measure had a higher link error compared to the solution 
selected by the plausibility measure, but at the same time, 
the value of applied torque and recovery time decreased. 
This phenomenon was expected because the belief measure 
indicates one's confidence of making a decision with certainty, 
whereas the plausibility measure represents one's confidence 
considering all the plausible cases in making a decision. Thus, 
the value of belief measure is always less than or equal to the 
value of plausibility measure as mentioned in Section IY.E. 

In 'Case 2', the solution selected by the plausibility measure 
had a minimum value of 13, which was equal to 1.06 seconds, 
and a maximum value of h, which was equal to 4.30°. This 
means that the solution enables humanoid robot to arrive at 
the initial position as fast as possible by taking the highest link 
errors. Similarly, the solution selected by the belief measure 
had a larger value of 13 and smaller value of h than those by 
the plausibility measure. Thus, the belief measure should be 
used if the user wants to select a solution satisfying the given 
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Fig. 2. Selected nondominated solutions of MQEA using PSSA in (a) h -
12, (b) h - 13, and (c) 12 - 13 objective spaces. 

degree of consideration. In contrast, the plausibility measure 
should be used if the user wants the most optimized solution 
with the highest degree of consideration for all the objectives. 

The values of cost-weighting matrices (Qf' Q, and R) are 
sUlmnarized in Table IV, where diag represents the diagonal 
matrix. Fig. 3 demonstrates the snapshots of link angles for 
two simulation cases. When the resultant torque trajectory 
obtained from 'Case l' was applied to humanoid robot in 
Webots simulator, the robot was unable to balance its posture 
because the ZMP was located outside of foot. In contrast, 
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the humanoid robot was able to balance its posture quickly 
from unstable state to initial state by using the resultant torque 
trajectory obtained from 'Case 2' as shown in Fig. 4. 

In summary, various optimal trajectories of nonlinear dy
namical system could be obtained, which depend on the degree 
of consideration for each objective given by the user's pref
erence. In this problem, placing more emphasis on recovery 
time gave better results than minimizing the link errors. Thus, 
utilizing MQEA and PSSA allows the user to identify the 
significance of each objective function that affects the overall 
results in a nonlinear control problem. 

VI. CONCLU SION S  

This paper proposed a MQEA-based optimal posture con
troller for humanoid robot to generate optimal trajectories 
when external impulse force was applied. The proposed pos
ture controller generated multiple Pareto-optimal trajectories 
of a humanoid robot modeled as a four-link inverted pendulum 
in order to satisfy multiple performance criteria. These Pareto
optimal trajectories were obtained through nondominated so
lutions using MQEA, which optimized the cost-weighting 
matrices of ll.,QR for three objectives - RMSE of final link 
angle, mean value of applied torque, and recovery time. Then, 
PSSA was employed to select one preferred solution among 
various nondominated solutions found by MQEA. Simulation 
results carried out with the simplified model of humanoid 
robot confirmed that the proposed scheme generated optimal 
trajectories satisfying the user's preference for performance 
criteria. Future works include extending the proposed model 
by adding stepping motion when the external disturbance is 
very large. 
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TABLE I V  
COST-WEIGHTING MATRIX VALUE FOR SELECTED NON DOMINATED SOLUTIONS. 

Case 1 (Belief Measure) diag(2335.58, 2217.02, 1462.69, 159l.24, 0.06, l.53, 4.15, 4.24) 
Case 1 (Plausibility Measure) diag(2071.99, 1252.48, 1474.14, 994.66, 3.36, 0.29, 4.87, 2.61) 
Case 2 (Belief Measure) diag(2562.27, 2655.66, 1958.65, l737.63, 1.81, 1.98, 1.66, 0.44) 
Case 2 (Plausibility Measure) diag(2687.34, 2544.51, 374.37, 920.32, 2.05, 1.76, 1.70,0.43) 

R 

Case 1 (Belief Measure) diag(2.37xlO -b , 8.52x10 'b, 7.58xlO -b, 2.77xlO ) 

Case 1 (Plausibility Measure) diag(2.65x 10 , 1.99 x 10 -0, 2.65xlO -0, 6.27xlO -0) 
Case 2 (Belief Measure) diag(3.88xlO -b, 7.96x10 -b, 1.22 x 10 -b, 9.34xlO -b) 

Case 2 (Plausibility Measure) diag(4.51 x 10 -0, 9.44x10 -0, 8.52xlO , 2.87 x 10 -0) 

l { 1 ( r j f { l t � 
(a) Case 1 (Belief Measure) 

l {1(f /;ff1 l l 
(b) Case 1 (Plausibility Measure) 

(c) Case 2 (Belief Measure) 

(d) Case 2 (Plausibility Measure) 

Fig. 3. Snapshot of four-link inverted pendulum for selected nondominated solutions captured at every 0.2 seconds. 

(a) Case 2 (Belief Measure) 

(b) Case 2 (Plausibility Measure) 

Fig. 4. Snapshot of humanoid robot in Webots simulator for 'Case 2' captured at every 0.2 seconds. 
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