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Abstract— This paper proposes 3-D command state (3-D CS)based modiﬁable walking pattern generator (MWPG) on the
uneven terrain with the different inclinations and heights for
humanoid robots. In the previous researches on walking pattern
generation on the uneven terrain, the humanoid robot was
unable to modify a walking pattern on the uneven terrain
without any additional footstep for adjusting the center of mass
(COM) motion. Thus, a novel MWPG is developed to solve
this problem. It is based on the conventional MWPG which
allows the zero moment point (ZMP) variation in real-time
by closed form functions. Initially, a 3-D CS is deﬁned as a
navigational command set which consists of the foot height and
foot pitch and roll angles of the swing leg in addition to the
single and double support times and sagittal and lateral step
lengths of the swing leg, for walking on the uneven terrain. Next,
the COM trajectories in the single and double support phases
are generated to satisfy the 3-D CS. Also, the foot trajectory
of the swing leg is generated according to the commanded
sagittal and lateral step lengths, foot height, and foot pitch
and roll angles to walk on the uneven terrain. The proposed
algorithm is implemented on a simulation model of the smallsized humanoid robot, HanSaRam-IX (HSR-IX), developed at
the Robot Intelligence Technology laboratory, KAIST and the
effectiveness is demonstrated through the simulation.

I. INTRODUCTION
A humanoid robot is one of the representative research
topics in the robotics society. Various humanoid robots have
been developed [1]–[3] and also many studies on the walking
pattern generator for stable walking have been carried out
[4]–[6]. Meanwhile, most of walking pattern generators have
been developed on the assumption that the terrain is ﬂat.
However, in real environment, there exist not only ﬂat but
also uneven terrains. Therefore, the development of the
walking pattern generator on the uneven terrain is one of
the essential research issues for the humanoid robots.
Kajita and Tani modeled a humanoid robot as a linear inverted pendulum model (LIPM) to generate a walking pattern
on the uneven terrain [7]. Huang et al. introduced a walking
control consisting of a feedforward dynamic pattern and a
feedback sensory reﬂex which includes a zero moment point
(ZMP) reﬂex, landing-phase reﬂex, and body-posture reﬂex
[8]. Kajita et al. presented a walking pattern generator based
on the preview controller [9], which allows an auxiliary ZMP
control [10]. Nishiwaki et al. provided a posture control
using an attitude measurement sensor and a center of pressure
control [11]. Takubo et al. presented a method to modify
the landing timing and landing position of the swing leg
by the ZMP criteria map [12]. There were approaches to
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generate the walking pattern on the uneven terrain using the
contact wrench sum as a stability criterion [13]–[15]. Ohashi
et al. presented an environment mode which is transformed
from a sensor information [16]. It represented contact states
between the terrain and soles. Kang et al. developed a foot
mechanism using an optical distance sensor to detect the
terrain height [17]. Aoyama et al. modeled the humanoid
robot as a special 3-D LIPM that could change the length
[18]. The 3-D LIPM was modeled as a 2-D autonomous
system by applying the passive dynamic autonomous control
based on the assumption of point-contact [19].
This paper proposes 3-D command state (3-D CS)-based
modiﬁable walking pattern generator (MWPG) on the uneven
terrain with the different inclinations and heights for humanoid robots. In the previous researches on walking pattern
generation on the uneven terrain, the humanoid robot was
unable to modify a walking pattern during the single support
phase. Consequently, it was impossible to independently
change the walking pattern, i.e. single and double support
times, sagittal and lateral step lengths, foot height, and foot
pitch and roll angles of the swing leg on the uneven terrain
without any additional footstep for adjusting the center of
mass (COM) motion. Thus, a novel MWPG is developed to
solve this problem. It is based on the conventional MWPG
which allows the ZMP variation in real-time by closed form
functions [5], [6]. The conventional MWPG can be applied
only on the ﬂat terrain. However, the proposed MWPG is
able to independently modify the walking pattern on the
uneven terrain with the different inclinations and heights.
Initially, a 3-D CS is deﬁned as a navigational command
set which consists of the foot height and foot pitch and
roll angles of the swing leg in addition to the single and
double support times and sagittal and lateral step lengths of
the swing leg, for walking on the uneven terrain. Next, the
COM trajectories in the single and double support phases are
generated to satisfy the 3-D CS. In the single support phase,
the primary dynamics of the humanoid robot is modeled
as a 3-D LIPM, the COM height of which is constant,
and the dynamic equation of the 3-D LIPM is derived to
obtain the sagittal and lateral COM motions with two ZMP
functions. Using the sagittal and lateral COM motions, the
sagittal and lateral COM trajectories in the single support
phase are generated to satisfy the sagittal and lateral step
lengths and the foot pitch and roll angles of the swing leg.
In the double support phase, the vertical COM trajectory is
generated to satisfy the foot height of the swing leg from
the single support phase. Also, the foot trajectory of the
swing leg is generated according to the commanded sagittal
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and lateral step lengths, foot height, and foot pitch and roll
angles to walk on the uneven terrain. The proposed algorithm
is implemented on a simulation model of the small-sized
humanoid robot, HanSaRam-IX (HSR-IX), developed at the
Robot Intelligence Technology laboratory, KAIST and the
effectiveness is demonstrated through the simulation.
This paper is organized as follows. Section II presents
the deﬁnition and determination method of the 3-D CS. In
Section III, the 3-D CS-based MWPG on the uneven terrain
with the different inclinations and heights is proposed. The
COM trajectory generation in the single and double support
phases is described and the foot trajectory generation of the
swing leg is also explained. In Section IV, the simulation
result is presented and ﬁnally conclusions follow in Section
V.

A. Deﬁnition
As a navigational command set, the conventional CS
is insufﬁcient because the terrain is uneven in the real
environment [5], [6]. Particularly, the terrain has different
inclinations and heights. Thus, the foot height and foot pitch
and roll angles of the swing leg should be considered in the
CS to generate the walking pattern on the uneven terrain.
In this paper, the 3-D CS is deﬁned as a novel navigational
command set as follows:
Deﬁnition 1: 3-D command state (3-D CS) is deﬁned as
3-D CS ≡

ds
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Fig. 1. Walking on uneven terrain with the different inclination and height.
The solid-line rectangle and small circle represent the boundary and the
position of the foot, respectively.

II. 3-D COMMAND STATE

ss
[Tl/r

ɞR

Sl/r Ll/r Hl/r φl/r ψl/r ]

where
ss
Tl/r
: single support time during left/right support phase;
ds
: double support time from left/right support phase
Tl/r
to right/left support phase;
Sl/r : sagittal step length of left/right leg;
Ll/r : lateral step length of left/right leg;
Hl/r : foot height of left/right leg;
φl/r : foot pitch angle of left/right leg;
ψl/r : foot roll angle of left/right leg.
B. Determination of the 3-D CS
Fig. 1 shows the walking on the uneven terrain, in which
there exists a board with the different inclination and height
compared to the ﬂat terrain. The solid-line rectangle and
small circle represent the boundary and the position of the
foot, respectively. fl , fr , ff , and fb denote the distances from
the foot position to each boundary, respectively. ol and ow denote the length and width from the foot position to the nearest
point of the board, respectively and oh denotes the height of
the board at the point. φo and ψo denote the pitch and roll
angles of the board, respectively. If φo is positive/negative,
the board is inclined upward/downward. Similarly, if ψo is
positive/negative, the board is inclined leftside/rightside. In
this paper, it is assumed that the information about the terrain
could be obtained using the embedded sensors and the 3-D
CS is determined according to the information as follows:

Sl/r
Ll/r

=
=

ol + fb cos φo
ow ± fr/l cos ψo

(1)
(2)

Hl/r
φl/r
ψl/r

=
=

oh + fb sin φo ± fr/l sin ψo
φo

(3)
(4)

=

ψo .

(5)

III. 3-D CS BASED-MWPG ON UNEVEN TERRAIN
WITH DIFFERENT INCLINATIONS AND HEIGHTS
The walking of the humanoid robot is composed of single
support phase and double support phase, and in the single
support phase, the primary dynamics of the humanoid robot
on the ﬂat terrain is modeled as a 3-D LIPM [4]. In the 3D LIPM, it is assumed that the support leg is a weightless
telescopic limb and the mass is concentrated as a single
point without vertical motion. Consequently, it is possible
to decouple the sagittal and lateral motion equations. To
walk on the uneven terrain with the different inclinations
and heights, in this paper, the 3-D LIPM is extended to
the walking on the inclined board in both pitch and roll
directions.
A. COM Trajectory Generation in Single Support Phase
Fig. 2 shows the 3-D LIPM on the inclined board in
both pitch and roll directions. By applying the Newton-Euler
formulation, the dynamic equation of the 3-D LIPM for the
angular momentum taken around the contact point between
the pendulum model and ground surface in the frame {R}
is obtained as follows:
Tgr + rcom × Fgr =

d
(rcom × L)
dt

(6)

where Tgr = [Tx Ty Tz ]T denotes the torque created by the
ground reaction force (GRF), rcom = [x y z]T denotes the
vector from the contact point to the COM, and L denotes
the linear momentum of the COM. Gravitational force Fgr
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]

=F

with
Tc =

]5

Zc
.
gCφ Cψ

(xi , vi )/(xf , vf ) and (yi , wi )/(yf , wf ) denote initial/ﬁnal
COM position and velocity in sagittal and lateral planes,
ɞR
[5
respectively. ShT and ChT are deﬁned as sinh(T /Tc ) and
5
cosh(T /Tc ), respectively. T is the remaining single support
ǋR
time, and p(t) and q(t) are ZMP functions for the sagittal and
lateral COM motions, respectively, where p(t) = p(T − t)
and q(t) = q(T −t). p(t) and q(t) are selected by the constant
and step functions, respectively as follows [5]:
Fig. 2. 3-D LIPM on inclined board in pitch and roll directions.


Q,
if 0 ≤ t < Tsw
P, if 0 ≤ t < T
, q(t) =
p(t) =
is given as
⎤
⎡
0, otherwise
−Q, if Tsw ≤ t ≤ T
−mgSφo
(13)
Fgr = ⎣ −mgSψo ⎦
(7) where P and Q are the magnitudes of the constant and step
−mgCφo Cψo
functions, respectively. Tsw is the switching time of the step
where m is the mass of the pendulum. Sθ and Cθ denote function.
sin θ and cos θ, respectively. Since the height of the COM,
The ﬁrst terms on the right-hand side of (11) and (12) are
z is constant Zc , (6) can be rewritten as follows:
homogeneous solutions of (10). The second terms are the
 


gC C
particular solutions that make the sagittal and lateral COM
Tx
− mZ
ÿ − φZoc ψo y + gSψo
c
=
.
(8) motions more extensive by varying the ZMP trajectories with
Ty
gCφo Cψo
ẍ −
x + gSφo
mZc
Zc
p(t) and q(t). In the conventional 3-D LIPM [4], it was
The ZMP is used to represent the sum of the torques caused assumed that the ZMP was ﬁxed at a contact point, thus the
particular solutions were not considered. Consequently, in the
by the GRF as follows:

single support phase, the sagittal and lateral COM motions of
T
Tgr − rzmp × Fgr = 0 0 Mz
(9) the 3-D LIPM are predetermined and unmodiﬁable. Namely,
where rzmp = [xzmp yzmp 0]T and Mz denote the ZMP the humanoid robot is unable to independently modify the
and the yaw moment, respectively. Tx and Ty are obtained walking pattern, i.e. single and double support times, sagittal
from (9), and then the following dynamic equation of the and lateral step lengths, foot height, and foot pitch and roll
angles of the swing leg in the conventional 3-D LIPM. How3-D LIPM can be obtained by substituting them into (8):


ever, in the MWPG, since the COM position and velocity
gCφo Cψo
ÿ −
y + gSψo
gCφo Cψo yzmp
Zc
=−
. (10) can be changed independently at any time during the single
gCφo Cψo
xzmp
Zc
ẍ −
x + gSφo
support phase by the ZMP functions p(t) and q(t) in realZc
The above equation provides the relationship between the time, the MWPG enables the humanoid robot to modify the
ZMP and the sagittal and lateral COM motions of the 3-D walking pattern independently by the ZMP variation without
LIPM on the inclined board in both pitch and roll directions. any additional footstep for adjusting the COM motion. The
last terms perform shifting the COM trajectory of the 3DThe solutions of (10), which mean the sagittal and lateral LIPM for walking on the inclined board according to the
COM motions of the 3-D LIPM on the inclined board, pitch and roll angles of the board (φo and ψo ). In addition,
are obtained by applying the inverse Laplace transform as the MWPG effectively reduces computational cost since the
closed form functions are used for the ZMP variation, which
follows:
ensures a real-time calculation.
Using the above sagittal and lateral COM motions (11) and
Sagittal COM motion:

 (12), the sagittal and lateral COM trajectories in the single
T
1
xf
ChT ShT
xi
ShT p̄(t)dt
support phase are generated to satisfy the sagittal and lateral
0
=
−
T
v f Tc
ShT ChT vi Tc
Tc 0 ChT p̄(t)dt
step lengths and the foot pitch and roll angles of the swing
leg. The COM position and velocity in the sagittal and lateral
−gTc2 Sφo (−1 + ChT )
(11) planes are deﬁned as a walking state (WS) of the 3-D LIPM
+
−gTc2 Sφo ShT
and the WS is derived for the commanded CS [5], [6]. Then,
the sagittal and lateral COM trajectories satisfying the WS
Lateral COM motion:

 are generated by (11) and (12).
T
1
yf
ShT q̄(t)dt
ChT ShT
yi
0
=
−
w f Tc
ShT ChT wi Tc
Tc 0T ChT q̄(t)dt B. COM Trajectory Generation in Double Support Phase
\5

+

−gTc2 Sψo (−1 + ChT )
−gTc2 Sψo ShT

(12)

As mentioned above, the vertical COM motion is not
considered to decouple the sagittal and lateral COM motion
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equations in the conventional MWPG [5], [6]. In this paper,
however, the vertical COM trajectory in the double support
phase is generated to satisfy the foot height of the swing
leg from the single support phase, Hl/r instead of using the
constant COM height. As shown in Fig. 3, the COM height
maintains the constant Zc during the single support phase,
and then it moves to Zc + Hl/r during the double support
phase by the cubic spline interpolation with Zc at t = 0 and
ds
Zc + Hl/r at t = Tl/r
as follows:
z(t) = −2

Hl/r
ds 3
Tl/r

3

t +3

Hl/r
ds 2
Tl/r

2

t + Zc .

(14)

Note that the vertical COM trajectory is deﬁned with respect
to the local coordinate frame attached on the support leg.
In the double support phase, the sagittal and lateral COM
motions travel with constant velocity.
C. Foot Trajectory Generation of Swing Leg
The sagittal and lateral foot trajectories of the swing leg,
(xf oot , yf oot ) are generated by the cubic spline interpolation
with the sagittal and lateral step lengths at the previous
pre
footstep, (−Sr/l
, − Lpre
r/l ) at t = 0 and (Sl/r , Ll/r ) at
ss
t = Tl/r as follows:
xf oot (t) = −2

pre
Sl/r + Sr/l

yf oot (t) = −2

ss 3
Tl/r

t +3

Ll/r + Lpre
r/l
ss 3
Tl/r

3

pre
Sl/r + Sr/l

t3 + 3

ss 2
Tl/r

pre
t2 −Sr/l
(15)

Ll/r + Lpre
r/l
ss 2
Tl/r

t2 − Lpre
r/l .

(16)
The vertical foot trajectory of the swing leg, zf oot is generated by a cycloid function. In order to satisfy the commanded
foot height Hl/r , the trajectory Δzf oot is supplied, which
is generated by the cubic spline interpolation with the foot
pre
height of the swing leg at the previous footstep, −Hr/l
at
ss
t = 0 and Hl/r at t = Tl/r as follows:



2πt
+ Δzf oot (t)
(17)
zf oot (t) = r 1 − cos
ss
Tl/r
with
Δzf oot (t) = −2

pre
Hl/r + Hr/l
ss 3
Tl/r

t3 + 3

pre
Hl/r + Hr/l
ss 2
Tl/r

pre
t2 − Hr/l

Fig. 4.

(b)

(c)

(a) HSR-IX. (b) Simulation model. (c) Conﬁguration.

where r denotes the radius of the cycloid circle. The
foot pitch and roll angle trajectories of the swing leg,
(φf oot , ψf oot ) are generated by the cubic spline interpolation
with the foot pitch and roll angles of the swing leg at the
pre
previous footstep, (−φpre
r/l , −ψr/l ) at t = 0 and (φl/r , ψl/r )
ss
at t = Tl/r
as follows:
φf oot (t) = −2

φl/r + φpre
r/l

ψf oot (t) = −2

ss 3
Tl/r

t3 + 3

pre
ψl/r + ψr/l
ss 3
Tl/r

3

φl/r + φpre
r/l

t +3

ss 2
Tl/r

t2 − φpre
r/l (18)

pre
ψl/r + ψr/l
ss 2
Tl/r

pre
t2 − ψr/l
.

(19)
IV. SIMULATION
The proposed algorithm was implemented on the simulation model of the small-sized humanoid robot, HSR-IX in
Fig. 4. HSR has been in continual development and research
by the Robot Intelligence Technology laboratory, KAIST [6].
Its height and weight are 52.8 cm and 5.5 kg, respectively. It
has 26 DOFs which consist of 12 DC motors with harmonic
drives in the lower body and 16 RC servo motors in the upper
body (two servo motors in each hand control). The on-board
Pentium-III compatible PC, running RT-Linux, calculates the
proposed algorithm every 5 msec in real-time.
The simulation model of HSR-IX was modeled by Webot,
which is the 3-D robotics simulation software and enables
users to conduct the physical and dynamical simulation [20],
as shown in Fig. 4(b). The COM height Zc was set as 22.2
cm. In the simulation environment, there were ﬁve boards
with different inclinations and heights as shown in Table I
and the 3-D CS list for the simulation was determined by (5)
according to the information about the terrain. Table II shows
the commanded 3-D CS list, in which sagittal and lateral
step lengths, foot height, and foot pitch and roll angles of
the swing leg were independently changed while maintaining
the same walking period at each footstep for walking on the
uneven terrain.
Fig 5 shows the snapshots of the walking simulation
result. As the ﬁgure shows, HSR-IX walked stably on the
uneven terrain with the different inclinations and heights by
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Fig. 5.

Snapshots of the walking simulation result (left to right, top to bottom).

TABLE I
I NCLINATIONS AND HEIGHTS OF THE BOARDS ( LENGTH AND ANGLE
UNITS WERE GIVEN IN CENTIMETERS AND DEGREES , RESPECTIVELY.)
board 1 board 2 board 3 board 4 board 5
φo

0.0

0.0

5.0

5.0

5.0

ψo

5.0

-5.0

0.0

-5.0

5.0

oh

1.0

0.5

1.0

1.5

0.5

TABLE II
C OMMANDED 3-D CS LIST ( TIME , LENGTH , AND ANGLE UNITS WERE
GIVEN IN SECONDS , CENTIMETERS AND DEGREES , RESPECTIVELY.)

Steps

ss T ds
Tl/r
Sl/r
l/r

Ll/r

Hl/r φl/r ψl/r

1st

(right foot)

0.80 0.40

7.00

-6.00

0.00

0.00

0.00

2nd (left foot)

0.80 0.40

7.00

6.00

1.27

0.00

5.00

3rd (right foot)

0.80 0.40

7.00

-6.00

-0.50 0.00 -5.00

4th (left foot)

0.80 0.40

7.00

6.00

0.50

5th (right foot)

0.80 0.40

7.00

6th (left foot)

0.80 0.40

7.00

6.00

1.26

5.00

7th (right foot)

0.80 0.40

8.00

-6.00

0.77

5.00 -5.00

8th (left foot)

0.80 0.40

7.00

9.00

-0.70 5.00

5.00

9th (right foot)

0.80 0.40 11.00 -8.00

-0.84 0.00

0.00

10th (left foot)

0.80 0.40

9.50

6.00

0.00

0.00

0.00

11th (left foot)

0.80 0.40

0.00

-6.00

0.00

0.00

0.00

0.00

5.00

-10.00 -1.27 0.00

0.00
0.00

modifying the sagittal and lateral step lengths, foot height,
and foot pitch and roll angles of the swing leg according
to the commanded CS list at every footstep. Fig. 6 shows
the generated COM trajectories with respect to the global
coordinate frame attached on the terrain. As shown in the
ﬁgure, in the single support phases, the sagittal and lateral
COM trajectories were generated to satisfy the sagittal and
lateral step lengths and foot pitch and roll angles of the
swing leg in CS list by (11) and (12), and the vertical
COM trajectory maintained the constant value. In the double
support phases, the vertical COM trajectory was generated
to satisfy the foot heights of the swing leg from the single
support phases by (14). In addition, the foot trajectories of
the swing leg were generated by (15), (16), (17), (18) and
(19). Fig. 7 shows the measured ZMP trajectories in the
walking simulation. It can be seen that the ZMP trajectories

in the x-axis and y-axis followed the foot trajectories with
a little variation. The little variation of the ZMP trajectories
was mainly due to the dynamic difference between HSRIX and the 3D-LIPM. However, the ZMP trajectories were
within the upper and lower boundaries of foot trajectories,
which means that HSR-IX could walk on the uneven terrain
with the different inclinations and heights while maintaining
stability.
V. CONCLUSION
In this paper, 3-D CS-based MWPG on the uneven terrain
with the different inclinations and heights for humanoid
robots was proposed. The effectiveness of the proposed algorithm was veriﬁed through the simulation for the simulation
model of the small-sized humanoid robot, HSR-IX. As a
novel navigational command set, the 3-D CS was deﬁned
by adding the foot height and foot pitch and roll angles
of the swing leg to the conventional CS and it was given
according to the information about the terrain. Then, the
COM trajectories in the single and double support phases
were generated to satisfy the 3-D CS, also the foot trajectory
of the swing leg was generated to walk on the uneven
terrain. Consequently, by using the proposed algorithm, the
humanoid robot could walk stably on the uneven terrain
with the different inclinations and heights following the
commanded 3-D CS list by modifying the sagittal and lateral
step lengths, foot height, and foot pitch and roll angles of
the swing leg at every footstep.
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