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Abstract— In previous researches on walking on an inclined
plane of humanoid robots including the 3D linear inverted
pendulum model (3D-LIPM) approach, the humanoid robots
were not able to independently modify walking period and
sagittal and lateral step lengths without any additional step
for adjusting the center of mass (CM) motion. Moreover, the
walking on the inclined plane in pitch direction was only
considered. In order to overcome these problems, a novel
modiﬁable walking pattern generator for humanoid robots is
proposed for modiﬁable walking on an inclined plane in both
pitch and roll directions. The dynamic equation of the 3DLIPM on the inclined plane in both pitch and roll directions
is derived to obtain the CM motion. Using the CM motion,
a method for modiﬁable walking pattern generation on the
inclined plane is developed to follow a navigational command
set composed of walking period and sagittal and lateral step
lengths. The proposed algorithm is veriﬁed through computer
simulations carried out with a simulation model of the smallsized humanoid robot, HanSaRam-IX (HSR-IX).

I. INTRODUCTION
For stable walking of humanoid robots, a lot of control
algorithms have been developed [1]–[4]. They are on the
assumption that the plane is ﬂat. In human environment,
however, there exist not only ﬂat but also inclined planes.
Therefore, walking on the inclined plane of humanoid robots
is one of key research issues in this ﬁeld.
As research on walking on the inclined plane, there was
an approach to measure the inclination of the plane using
a foot system, and then walk on the inclined plane by a
simple modiﬁcation of walking motion on a ﬂat plane [5].
Statically stable walking on the inclined plane was studied
by maintaining the center of gravity of the humanoid robot
within the convex hull of supporting foot [6]. An approach
to compute hip height for dynamically stable walking on the
inclined plane based on geometric consideration was also
introduced [7]. Moreover, preview controller was employed
to model the humanoid robot on the inclined plane as a
3D linear inverted pendulum model (3D-LIPM) and generate
the trajectory of center of mass (CM) of the 3D-LIPM for
walking on the inclined plane [9], [10]. Furthermore, there
were some soft computing-based approaches to generate
walking motion on the inclined plane by utilizing evolutionary algorithms [11]–[14], neural networks [15]–[21], fuzzylogic and their combinations [22].
In these previous researches on walking on the inclined
plane including the 3D-LIPM approach, the humanoid robots
were not able to modify a walking pattern during the single
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support phase. Namely, it was impossible to independently
change the walking pattern, i.e. walking period and sagittal
and lateral step lengths on the inclined plane without any
additional step for adjusting the CM motion. Moreover,
the walking on the inclined plane in pitch direction was
only considered. In real environments, however, there exist
inclined planes in roll as well as pitch directions.
In order to overcome these problems, this paper proposes
a novel modiﬁable walking pattern generator (MWPG) for
humanoid robots. The proposed MWPG is based on conventional MWPG which has two closed form functions to
allow zero moment point (ZMP) variation in real-time [23].
However, the conventional MWPG can be only applied on
the ﬂat plane to modify walking period and sagittal and
lateral step lengths independently. Thus, in this paper, the
novel MWPG is proposed to be applied on the inclined
plane in both pitch and roll directions. Initially, the dynamic
equation of the 3D-LIPM on the inclined plane in both
pitch and roll directions is derived to obtain the CM motion
with ZMP functions. Using the CM motion, a method for
modiﬁable walking pattern generation on the inclined plane
is developed to follow a navigational command set composed
of walking period and sagittal and lateral step lengths, which
called command state (CS). Once the CS is entered, it is
converted into desired walking state (WS) deﬁned by the
position and velocity of the CM in sagittal and lateral planes.
Next, the control parameters for ZMP functions are obtained
to guarantee the desired WS is achievable. The proposed
algorithm is veriﬁed through computer simulations carried
out with a simulation model of the small-sized humanoid
robot, HanSaRam-IX (HSR-IX), developed at the Robot
Intelligence Technology (RIT) laboratory, KAIST.
This paper is organized as follows: Section II presents
the dynamics of the 3D-LIPM on the inclined plane in both
pitch and roll directions, and the CM motion equations of
the 3D-LIPM on the inclined plane are derived. In Section
III, a method for modiﬁable walking pattern generation on
the inclined plane is developed to follow a entered CS.
Section IV presents computer simulation results and ﬁnally
conclusions follow in Section V.
II. 3D-LIPM ON INCLINED PLANE IN PITCH AND
ROLL DIRECTIONS
A. Dynamics of 3D-LIPM
The primary dynamics of walking of a humanoid robot on
a ﬂat plane can be modeled as a single inverted pendulum
which is called the 3D linear inverted pendulum model
(3D-LIPM) [24]. It is assumed that the leg is a weightless
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B. CM Motion Equations of 3D-LIPM

Zc

By applying inverse Laplace transform, the solutions of
(5), which mean the CM motion of the 3D-LIPM on the
inclined plane, are obtained as follows:
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Fig. 1.
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3D-LIPM on inclined plane in pitch and roll directions.

telescopic limb and the mass is concentrated as a single
point without vertical motion. Thus, the motion equations
for the sagittal and lateral planes can be decoupled. The 3DLIPM can be extended to on the inclined plane in pitch and
roll directions as shown in Fig. 1. The dynamic equation
of the 3D-LIPM for the angular momentum taken around
the contact point between the pendulum model and ground
surface in the frame {R} is written as follows:
Tgr + rcm × Fgr =

d
(rcm × L)
dt

+

where m is the mass of the pendulum. θv and θh represent the
pitch and roll angles of the inclined plane, respectively. If θv
is positive/negative, the plane is inclined upward/downward.
Similarly, if θh is positive/negative, the plane is inclined
leftside/rightside. Since the height of the CM, z is constant
Zc , (1) can be rewritten as follows:
 


Tx
− mZ
ÿ − g cos θZvccos θh y + g sin θh
c
=
(3)
Ty
ẍ − g cos θZvccos θh x + g sin θv
mZc
The ZMP is used to represent the sum of the torques caused
by the ground reaction force as follows:

T
(4)
Tgr − rzmp × Fgr = 0 0 Mz
where rzmp = [xzmp yzmp 0]T represents the ZMP and
Mz denotes the yaw moment. Tx and Ty are obtained from
(4), and then the following dynamic equation of the 3DLIPM can be obtained by substituting them into (3):


ÿ − g cos θZvccos θh y + g sin θh
g cos θv cos θh yzmp
=−
.
xzmp
ẍ − g cos θZvccos θh x + g sin θv
Zc
(5)
The above equation provides the relationship between the
ZMP and the CM motion of the 3D-LIPM on the inclined
plane in pitch and roll direcions.

−gTc2 sin θv (−1 + cosh( TTc ))
−gTc2 sin θv sinh( TTc )

(6)

Lateral motion:
yf
w f Tc

(1)

where Tgr = [Tx Ty Tz ]T represents the torque created by
the ground reaction force, rcm = [x y z]T represents the
vector from the contact point to the CM, and L is the linear
momentum of the CM. Gravitational force Fgr are given as
⎡
⎤
−mg sin θv
Fgr = ⎣ −mg sin θh ⎦
(2)
−mg cos θv cos θh

cosh( TTc ) sinh( TTc )
xi
sinh( TTc ) cosh( TTc ) vi Tc
 T

T
sinh(
)p̄(t)dt
1
Tc
0
−
Tc 0T cosh( TT )p̄(t)dt
c

=

cosh( TTc ) sinh( TTc )
yi
sinh( TTc ) cosh( TTc ) wi Tc
 T

sinh( TTc )q̄(t)dt
1
0
−
Tc 0T cosh( TT )q̄(t)dt
c
+

−gTc2 sin θh (−1 + cosh( TTc ))
−gTc2 sin θh sinh( TTc )

(7)

with
Tc =

Zc
g cos θv cos θh

where (xi , vi )/(xf , vf ) and (yi , wi )/(yf , wf ) represent the
initial/ﬁnal position and velocity of the CM in sagittal and
lateral planes, respectively. T is the remaining single support
time. p(t) and q(t) are the ZMP functions for sagittal and
lateral motions, respectively. p(t) = p(T − t) and q(t) =
q(T − t). In terms of implementation, p(t) and q(t) are
selected as the constant function and the step function,
respectively, among inﬁnitely many candidate functions as
follows [23]:


P, if 0 ≤ t < T
Q,
if 0 ≤ t < Tsw
p(t) =
, q(t) =
0, otherwise
−Q, if Tsw ≤ t ≤ T
(8)
where P and Q are the magnitudes of constant and step
functions, respectively. Tsw is the switching time of step
function.
The ﬁrst terms on the right-hand side of (6) and (7)
indicate homogeneous solutions of (5). The second terms
represent additional states (particular solutions) that allow
more extensive and unrestricted motions by varying ZMP
trajectories with p(t) and q(t). In the conventional 3D-LIPM
approach, the particular solutions have not been considered,
assuming that the ZMP is ﬁxed at the contact point. Consequently, the dynamics for the CM motion of the 3D-LIPM
is predetermined and unmodiﬁable throughout the single
support phase. Thus, it is impossible to modify a walking
pattern, i.e. walking period and sagittal and lateral step
lengths independently in the conventional 3D-LIPM. The last
terms perform shifting the CM trajectory of the 3D-LIPM for
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<

walking on the inclined plane according to the pitch and roll
angles of the inclined plane (θv and θh ).
To formulate the state of the CM of the 3D-LIPM, walking
state (WS) is deﬁned with the position and velocity of the
CM in sagittal and lateral planes as follows [23]:
Deﬁnition 1: Walking state (WS) is deﬁned as

T
x = x Tc v for sagittal motion;

T
y = y Tc w for lateral motion.

<
<

;

:6

:/O

Note that the WS is represented as a two dimensional vector
in each plane and the velocity terms are multiplied with Tc .

;
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III. METHOD FOR MODIFIABLE WALKING
PATTERN GENERATION ON INCLINED PLANE IN
PITCH AND ROLL DIRECTIONS

Fig. 2.

Walking conﬁguration in steady state.

A. Command State
In order to generate a walking pattern, a minimal navigational command set is required. For this purpose, command
state (CS) is deﬁned, which includes single and double
support times and sagittal and lateral step lengths as follows
[23]:
Deﬁnition 2: Command state (CS) is deﬁned as
c ≡ [Tss Tds WS WLl WLr ]
where
Tss
Tds
WS
WLl
WLr

:
:
:
:
:

single support time;
double support time;
sagittal step length;
lateral step length of left leg;
lateral step length of right leg.

yli
ylf
yri
yrf

: initial WS of lateral motion for left support phase;
: ﬁnal WS of lateral motion for left support phase;
: initial WS of lateral motion for right support phase;
: ﬁnal WS of lateral motion for right support phase.

Note that each WS is deﬁned with respect to the local
coordinate frame attached on its support leg.
1) Sagittal Motion: From the equation for the sagittal motion, (6) with p(t) = 0 and q(t) = 0, the following two state
equations are obtained during single support phase, which
represent left and right single support phases, respectively:
xlf = Axli + B,
where



B. Conversion of Command State into Desired Walking State
Walking of the robot can be described by identifying the
WSs at particular points in motion because it is a repetitive
motion. When the robot follows a entered CS, it is assumed
that the robot’s state is in steady state and ZMP variation
is not utilized. These assumptions correspond directly to a
walking pattern that represents a steady state motion for the
3D-LIPM, in which the particular solutions of (6) and (7)
are zero and only homogenous solutions are used. In this
situation, the WS at the end of each single support phase is
identical. This state is called as desired WS.
To convert the CS into the desired WS, it is enough to
observe just one period of walking conﬁguration in steady
state as shown in Fig 2. Since the robot’s state is in steady
state without ZMP variation, walking conﬁguration can be
fully described by initial or ﬁnal WS for both left and right
leg support phases. In terms of implementation, the CM
is controlled to travel with constant velocity during double
support phase for a speciﬁc time Tds .
Notation 1: In the derivation, the following notations are
used:
xli : initial WS of sagittal motion for left support phase;
xlf : ﬁnal WS of sagittal motion for left support phase;
xri : initial WS of sagittal motion for right support phase;
xrf : ﬁnal WS of sagittal motion for right support phase;

A =

B =

xrf = Axri + B

cosh( TTssc ) sinh( TTssc )
sinh( TTssc ) cosh( TTssc )

(9)




−gTc2 sin θv (−1 + cosh( TTssc ))
.
−gTc2 sin θv sinh( TTssc )

During double support phase, the following two equations
are given because the velocity of the CM is controlled to be
constant in double support phase as mentioned above:
xli = Cxrf + D,
where
C=

xri = Cxlf + D

(10)

1 Tds /Tc
−WS
, D=
.
0
1
0

From (9) and (10), sagittal steady state motion of the CM
can be expressed by
xlf = xrf = (I − AC)−1 (AD + B)

(11)

where I is the identity matrix. This equation explains the
mapping relationship between the CS and the desired WS.
That is, once the CS is arrived, it is converted into the desired
WS form. The information of the CS is involved in the
matrices A, B, C, and D.
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2) Lateral Motion: By the same process, the following
four equations are obtained for lateral motion:
ylf = Ayli + B, yrf = Ayri + B

(12)

yli = Cyrf + D, yri = Cylf + E

ΣB

where

A =

B =

cosh( TTssc )
sinh( TTssc )

sinh( TTssc )
cosh( TTssc )

−gTc2 sin θh (−1 + cosh( TTssc ))
−gTc2 sin θh sinh( TTssc )

ΣFr

1
0

(a)

−WLl
WLr
Tds /Tc
, D=
, E=
.
1
0
0

where

Subsequently, lateral steady state motion of the CM can be
expressed by
ylf = (I − (AC)2 )−1 (ACAE + AD + ABC + B)
yrf = (I − (AC)2 )−1 (ACAD + AE + ABC + B).

(13)

C. Control Parameters
The control parameters T , P , Tsw , and Q, which characterize the ZMP functions, should be solved to guarantee that
desired WS is achievable. Here, T represents the remaining
time in single support for current step to achieve the desired
WS.
1) Control Parameters for Sagittal Motion: From the
equation for the sagittal motion, (6) with t = T and p(t) =
P , the control parameters T and P are obtained as follows:


(vd + vi )Tc + (xd − xi )
T =Tc ln
(vd + vi )Tc − (xd − xi )
(14)
2
(x − x2i ) − (vd2 − vi2 )Tc2
P = d
− gTc2 sin θv
2(xd − xi )
where [xd Tc vd ]T represents desired WS.
2) Control Parameters for Lateral Motion: The homogeneous part of the equation for the lateral motion, (7) is
determined by initial WS and the pre-calculated T from
the equation for the sagittal motion. Therefore, it is only
necessary to consider the particular solution. The particular
solution of the equation for the lateral motion is derived from
(7) as


sw
) − (1 + cosh( TTc ))
2 cosh( T −T
yp
T
c
Q. (15)
=
T
sw
Tc w p
2 sinh( T −T
Tc ) − sinh( Tc )
From (15), Tsw and Q are obtained as follows:
Tsw = T − Tc ln(h),
0 ≤ Tsw ≤ T
yp
Q=
(h + h−1 ) − (1 + cosh( TTc ))

ΣFl



Fig. 3.

C=

z
Σo
x



(16)

y

(b)

Humanoid robot. (a) HanSaRam-IX. (b) Conﬁguration.

⎧ √ 2
γ+ γ +4αβ
⎪
⎪
,
⎨
2α
h = 1,
√
⎪
⎪
⎩ γ− γ 2 +4αβ
,
2α

if δ < 0
if δ = 0
if δ > 0

α = yp − Tc wp , β = yp + Tc wp
T
T
γ = yp sinh( ) − Tc wp (1 + cosh( ))
Tc
Tc
T
T
δ = yp sinh( ) + Tc wp (1 − cosh( )).
Tc
Tc
From (14) and (16), the control parameters are directly
calculated from the current and the desired WSs.
D. Overall Procedure
It is assumed that the pitch and roll angles of the inclined
plane are measurable in this paper. A CS is entered into
the proposed algorithm for each sample time. Then, it
is converted into desired WS using (11) and (13). Next,
control parameters T , P , Tsw , and Q for ZMP functions
are calculated to get the desired WS from (14) and (16), and
then the WS is calculated using (6) and (7). Subsequently,
the CM motion is updated. Trajectories of every leg joint are
calculated by inverse kinematics.
IV. COMPUTER SIMULATIONS
The proposed algorithm was implemented on the simulation model of the small-sized humanoid robot, HanSaRamIX (HSR-IX) (Fig. 3(a)). HSR-IX has been in continual
development and research by the RIT laboratory, KAIST [4].
Its height and weight are 52.8 cm and 5.5 kg, respectively. It
has 26 DOFs which consist of 12 DC motors with harmonic
drives in the lower body and 16 RC servo motors in the upper
body (Fig. 3(b)). The on-board Pentium-III compatible PC,
running RT-Linux, calculates the proposed algorithm every
5 msec in real-time. To measure ground reaction forces on
the feet and the real ZMP trajectories while walking, four
force sensing resisters (FSR) are equipped on each foot.
The simulation model of HSR-IX was modeled by Webot
which is the 3D robotics simulation software and enables
users to conduct the physical and dynamical simulation [25].
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V. CONCLUSION
In this paper, a novel modiﬁable walking pattern generator
for humanoid robots was proposed for modiﬁable walking
on the inclined plane in both pitch and roll directions. The
proposed algorithm independently changed walking period
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In order to verify the modiﬁable walking on the inclined
plane in pitch and roll directions, the following CS list for
the simulations was used, in which sagittal and lateral step
lengths were independently changed while maintaining the
same walking period at each footstep:
• Initial CS, c = [0.8 0.4 4.0 6.0 -6.0]
nd
• After 2
step, c = [0.8 0.4 1.0 6.0 -10.0]
rd
• After 3
step, c = [0.8 0.4 4.0 6.0 -6.0]
th
• After 5
step, c = [0.8 0.4 2.0 9.0 -6.0]
th
• After 6
step, c = [0.8 0.4 4.0 6.0 -6.0]
th
• After 9
step, c = [0.8 0.4 2.0 9.0 -6.0]
th
• After 10
step, c = [0.8 0.4 4.0 6.0 -6.0]
th
• After 12
step, c = [0.8 0.4 0.0 6.0 -6.0]
where time units and length units were given in seconds and
centimeters, respectively.
Fig. 4 shows the generated walking pattern and CM
trajectories using the proposed algorithm for walking when
the plane was inclined upward (θv = 15◦ ), downward (θv =
−15◦ ), leftside (θh = 5◦ ), and rightside (θh = −5◦ ). In
the simulation, allowable pitch and roll plane angles were
from −20.0◦ to 20.0◦ and from −8.0◦ to 8.0◦ , respectively,
for the robot to walk straight while maintaining stability.
In the ﬁgure, the thick line represents the generated CM
trajectory and the thin line represents the foot boundary.
The small circle represents the foot position satisfying the
commanded CS list. As shown in the ﬁgure, the robot
followed the entered CS list successfully. When the plane
was inclined upward/downward, the CM trajectory which
was shifted forward/backward compared to that on the ﬂat
plane was generated. Similarly, when the plane was inclined leftside/rightside, the CM trajectory which was shifted
left/right was generated. Thus, by means of generating the
shifted CM trajectory like them, the robot was able to walk
stably on the inclined plane because the ZMP was within the
foot boundary.
Fig. 5 shows the generated walking pattern, CM, and ZMP
trajectories when the plane was inclined upward and leftside
simultaneously (θv = 15◦ and θh = 5◦ ). As the ﬁgure
shows, the CM trajectory which was shifted forward and
left simultaneously was generated for stable walking. The
ZMP on xy plane was within the boundary of the support
foot during single support phase and moved from the current
support foot to the next support foot during double support
phase. Moreover, it can be shown that the ZMP trajectories
in x-axis and y-axis follow the foot trajectories with a small
variation. The small variation was mainly caused by the
dynamic difference between the robot and the 3D-LIPM.
However, the ZMP trajectories were within the upper and
lower boundaries of foot trajectories. Accordingly, the robot
was able to walk stably on the inclined plane in both pitch
and roll directions (See the accompanying video).

5
0
−5
−10
−10

20
x [cm]

30

40

50

Fig. 4. Generated walking pattern and CM trajectories using the proposed
algorithm.

and sagittal and lateral step lengths on the inclined plane
without any additional step for adjusting the CM motion. The
CM motion equations of the 3D-LIPM with ZMP functions
were obtained by deriving the dynamic equation of the 3DLIPM on the inclined plane. From the CM motion equations,
the method for modiﬁable walking pattern generation on
the inclined plane was developed. The CS was deﬁned
and once it was entered, it was converted into the desired
WS. Moreover, control parameters for ZMP functions were
obtained to guarantee the desired WS is achievable. The
effectiveness of the proposed algorithm was demonstrated
through computer simulations carried out with the simulation
model of the small-sized humanoid robot, HSR-IX. Consequently, by using the proposed algorithm, the humanoid robot
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Fig. 5. Generated walking pattern, CM, and ZMP trajectories when the
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could walk stably on the inclined plane in both pitch and roll
directions following the commanded CS list in which sagittal
and lateral step lengths were independently changed while
maintaining the same walking period at each footstep.
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