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Abstract— Complex navigational commands require a walk-
ing pattern generator that is able to modify the pattern
at any point in the walking gait. This paper utilizes the
3D-LIPM(Linear Inverted Pendulum Model) for generating
a walking pattern, but introduces a method that allows for
manipulation of the ZMP over the convex hull of the foot
polygon whilst in single support phase. This permits a range
of dynamic walking states that are not achievable using the
conventional 3D-LIPM. These walking states are defined as a
feasible region. A real-time algorithm is then developed, which
follows the cue from a complex navigational command exactly
when the desired walking state is in the feasible region and
chooses the nearest feasible motion when it lies outside the
feasible region. The proposed scheme is both simulated and
implemented on the humanoid robot HanSaRam-VII developed
at RIT laboratory, KAIST.

I. INTRODUCTION

Many of the existing methods for humanoid walking

control are constrained by the need to regulate foot positions

without any consideration for navigation of the humanoid

within a complex environment [1], [2]. To achieve more

robust motion control in these environments, the robot must

be able to adjust its walking state (center of mass motion) and

step length to accommodate whatever path planning approach

is used.

In most inverted pendulum based approaches which do

not utilize ZMP manipulation rely on only landing-position

adjustment control to change step length. These do not take

the environment itself into consideration and have difficulty

in catering for special conditions such as those in the

stepping-stone problem. ZMP based approaches, however,

can address these issues as they use a ZMP trajectory as

the specified control input. The ZMP following approach

can be achieved by inverse FFT or numerical calculation of

the ZMP trajectory in the time domain [3], [4]. These two

approaches are batch process methods. To generate a walking

pattern they must calculate entire trajectories or piecewise

trajectories over some time interval.

To solve this batch problem Kajita et al. introduced a

preview control scheme using a cart-table model [5]. They

successfully generated walking patterns that followed a given
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reference ZMP trajectory. This method is a mixture of the

ZMP based and the inverted pendulum based approaches.

The proposed method in this paper extends the conven-

tional 3D-LIPM in such a way so that feasibility of desired

motions is considered. By manipulating the ZMP with closed

form functions, a simple and direct means to control the

humanoid dynamics is realized. It is similar with the method

proposed by Sugihara [6] in the usage of analytical solution

of simplified equation of motion. Proposed method, however,

enables control of CM velocity and step lengths directly and

independently. This allows the humanoid to robustly plan

for complex navigational command strategies, such as that

needed for the stepping stone problem. Additionally, it pro-

vides feasible regions that are utilized to determine whether

or not a desired navigational command is feasible. This

was not achievable with a conventional 3D-LIPM control

algorithm. It also removes the need for preview data such as

that employed by the preview control scheme.

This paper is organized as follows. In Section II, the

dynamics of the 3D-LIPM is reviewed and the subsequent

equations of motion using the ZMP functions as input are

derived. Section III develops the walking control algorithm.

Section IV details the ZMP manipulation scheme and Section

V presents experimental results on the humanoid robot

HanSaRam-VII. Conclusions are provided in Section VI.

II. MATHEMATICAL MODEL

A. Dynamics of 3D-LIPM

When a humanoid robot is in single support phase, its

dominant dynamics can be simply modeled as a single in-

verted pendulum (Fig. 1). The first practical implementation

of this approach was done by Kajita et al. [7]. This method

has a few significant practical advantages, namely:

• The dominant dynamics with simple equations.

• The decoupled equations of motion for the sagittal and

lateral planes by assuming there is no vertical motion

of the center of mass (z = ZC ).

Fig. 1 illustrates the planar constraint for the inverted

pendulum model. In this model, the dynamics is further

simplified by assuming the leg is a weightless telescopic limb

and the mass is concentrated at a single point as shown. With

the assumption that z = ZC , the dynamic equations are given

as follows:

[

ÿ −
g

ZC
y

ẍ −
g

ZC
x

]

= −
g

ZC

[

yzmp

xzmp

]

. (1)
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Fig. 1. 3D Linear Inverted Pendulum Model.

These equations provide the relationship between ZMP and

center of mass (CM) motions. Refer to [6] for more detailed

derivation.

B. Equations of Motion

From (1) the equation of motion for the 3D-LIPM in the

sagittal plane with arbitrary ZMP function p(t) is given by

ẍ −
g

ZC

x = −
g

ZC

p. (2)

Taking the Laplace transform of (2) and solving algebraically

for X(s),

X(s) =
sx(0) + ẋ(0)

s2 − (1/TC)2
−

1

TC

1/TC

s2 − (1/TC)2
P (s), (3)

where TC =
√

ZC/g. Here the right hand side of (3) is

composed of two parts: the first term represents the transform

of the homogeneous solution, Xh(s), and the second the

transform of the particular solution, Xp(s).
Solving for the homogeneous solution with the inverse

Laplace Transform,

xh(t) = cosh(t/TC)x(0) + sinh(t/TC)v(0)TC . (4)

where v(0) is ẋ(0). Similarly, utilizing the convolution

property for Laplace transforms:

xp(t) = −
1

TC

∫ t

0

sinh(τ/TC)p(t − τ)dτ. (5)

Similarly,

TCv(t) = sinh(t/TC)x(0) + cosh(t/TC)v(0)TC

−
1

TC

∫ t

0

cosh(τ/TC)p(t − τ)dτ.
(6)

The general solutions of (1) are represented in state space

form at t = T as follows:
[

xf

TCvf

]

=

[

CT ST

ST CT

] [

xi

TCvi

]

−
1

TC

[

∫ T

0
Stp(t)dt

∫ T

0
Ctp(t)dt

]

(7)

where (xi, vi)/(xf , vf ) represents initial/final position and

velocity of the CM in the sagittal. St and Ct are defined

as cosh(t/TC) and sinh(t/TC) with time constant TC =
√

ZC/g. The functions p(t) is ZMP trajectory for the

sagittal. Lastly, p(t) = p(T − t). Solutions for motion in

the lateral plane may be similarly obtained.

The first terms in the right hand side of (7) indicate ho-

mogeneous (non-forced) solutions. The latter term represents

additional states (particular or forced solutions). These allow

more extensive and unrestricted motions by manipulating

ZMP trajectories. In the conventional 3D-LIPM technique by

Kajita, only the homogenous part of the solution has been

considered. While in single support phase this technique as-

sumes the ZMP is fixed at the point of contact. Subsequently,

the dynamics for the CM motion (1) is pre-determined and

un-modifiable throughout single support phase.

This has the undesirable effect that CM motion cannot

be flexibly adjusted in response to dynamically changing

navigational commands while in single support phase. This

limits the performance of the humanoid - it cannot accelerate

or decelerate, nor can it vary its step length or walking period

in the same manner that humans are easily able to achieve.

Consequently, the model constraint requiring the ZMP to be

fixed at the point of contact needs to be relaxed in order to

achieve some level of control over the CM motions.

C. ZMP Stable Region

Huang introduced the concept of a desired stable region

over which the ZMP may be safely varied [8]. This is

illustrated in Fig. 2. Pmin, Pmax, Qmin and Qmax define the

allowable stable region over which the ZMP may vary in x

and y directions. The objective of the next section is to devise

an algorithm that can utilize the permissible variation in the

ZMP as defined above to generate dynamically modifiable

CM motions.

Fig. 2. ZMP stable region on foot. The outer region is the stability margin
and the inner region is the desired stable region.

III. MODIFIABLE WALKING PATTERN

A. Command State

This research focuses on generating a form of control

that is able to perform complex navigational tasks such as

stone stepping. This generalizes to obstacle avoidance for

foot placement planning. To do this, the control requires

a minimal command set that allows for configuration of a

walking pattern based on the 3D-LIPM. The set of parame-

ters necessary to derive a walking pattern based on the 3D-

LIPM includes state transition times and step lengths. This

instructional set is defined as the command state.

Definition 1: CS (Command State) is defined as follows:

c ≡
[

Tss Tds WL WFl WFr

]T
,

where

Tss : (commanded) single support time,
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Tds : double support time,

WL : step length of sagittal motion (both legs),

WFl : sidestep length of lateral motion (left leg) and

WFr : sidestep length of lateral motion (right leg).

Note that sidestep lengths in the lateral plane correspond to

sideways movement.

B. Walking State

Since the inverted pendulum is modeled as a point mass,

its state in 3D space can be simply represented in terms

of position and linear velocity. Here, the CM position and

velocity of the 3D-LIPM in both sagittal and lateral planes

are defined as the WS of a two dimensional vector in each

plane in the following.

Definition 2: WS (Walking State) is defined as follows:

x =
[

x TCv
]T

for sagittal motion

y =
[

y TCw
]T

for lateral motion,

where v and w represent the velocity in each plane, respec-

tively, and they are multiplied by the time constant, TC .

C. Feasible Region

While in single support phase, the robot can vary the

walking state by manipulating the ZMP trajectory. However,

this does not mean that the robot has the ability to change its

walking state to any desired one. This is due to both dynamic

(ZMP boundary, surface friction, etc.) and kinematic (joint

velocity and acceleration, joint angle range, etc.) constraints.

Thus, the desired WS at the end of the single support phase

must fall within some permissable and bounded region (Fig.

3). This region is defined as the Feasible Region, FR, and

is detailed in Section IV.

Definition 3: Given the initial WS wi, Zmin, Zmax and

some Tmax ≥ 0, a set is defined as the feasible region, FR,

if ∀wf ∈ FR, there exists a ZMP function z(t) with the

following properties

z : [0, Tmax] → R
2,

Zmin ≤ z(t) ≤ Zmax

such that

fz(wi) = wf

where f is the state transition function for either the sagittal

or lateral plane (7). FRc is defined as the infeasible region.

Fig. 3. Feasible and infeasible regions on WS plane (⊙: initial WS, ⊕:
final WS ∈ FR, ⊗: final WS ∈ FRc).

D. Desired Walking State

Since walking is a repetitive motion, its behavior can be

described by identifying the walking state at particular points

in the motion in a similar fashion to the way Poincare Maps

are used in dynamics. Any point in the walking pattern may

be chosen for this purpose, however, in the analysis that

follows, it is assumed that a point of interest (the walking

state) is captured at the end of each single support phase. This

provides two snapshots of the walking state within each cycle

of the walking gait, one at the end of the left support phase

and the other at the end of the right support phase. These

adequately characterize the periodic nature of the walking

pattern from one cycle to the next.

Now, when a robot follows a given CS exactly, it is

assumed that

1) The robot’s state is in steady state.

2) ZMP trajectories stay at the center of the ZMP stable

margin.

These two conditions correspond directly with a walking

pattern that represents steady state motion for the 3D-LIPM

in which the particular solutions of (7) are zero (homogenous

solutions only). In this situation, the walking state at the end

of each single support phase will be identical. This state will

be referred to as the desired walking state.

E. Deriving Desired Walking State from Command State

To derive the desired WS from the CS, it is enough to

observe just one period of the walking configuration (steady

state). One period of the robot’s walking motion is illustrated

in Fig. 4.

(a)

(b)

Fig. 4. Steady state motion. The darker leg indicates the supporting leg.
(a) Sagittal plane. (b) Lateral plane.
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1) Sagittal Motion: Fig. 4 (a) illustrates sagittal motions.

Motion begins with the left single support phase before

switching to double support phase in which the CM travels

with constant velocity for a pre-specified time Tds. At this

point the robot then switches to right single support phase.

Since the sagittal motion is symmetrical each single support

phase begins with the same configuration.

From the equation of sagittal motion (7) with p = 0,

following two state equations are obtained during single

support phase, which represent left and right single support

phases, respectively:

xlf = Axli, xrf = Axri, (8)

where

A =

[

CTss
STss

STss
CTss

]

.

During double support phase, the two equations of motion

are given as follows:

xli = Bxrf + C, xri = Bxlf + C (9)

where

B =

[

1 Tds/TC

0 1

]

and C =

[

−WL

0

]

.

As mentioned above, the velocities are controlled to be con-

stant in double support phase. From (8) and (9), homogenous

solutions for the sagittal steady state motion of the CM are

given by

xlf = xrf = (AB − I)−1AC, (10)

The sagittal desired WS dx whilst in single support phase,

becomes xlf or xrf for the left or right support phase,

respectively.

2) Lateral Motion: By the same process, lateral steady

state motion of the CM can be expressed by

ylf = (I − (AB)2)−1(ABAD + AC),

yrf = (I − (AB)2)−1(ABAC + AD),
(11)

where

A =

[

CTss
STss

STss
CTss

]

, B =

[

1 Tds/TC

0 1

]

,

C =

[

−WFr

0

]

and D =

[

WFl

0

]

.

Again, the lateral desired WS dy whilst in single support

phase becomes ylf or yrf for the left/right support phase,

respectively.

F. Target Walking State from Desired Walking State

When the desired WS is in the FR, it is possible to move

the current WS to the desired one. That is, the desired WS

becomes the target WS for the control algorithm. However,

when the desired WS is in FRc then the target WS is defined

as the walking state on the boundary of FR for which

the norm of the error between target and desired WS is a

minimum (Fig.5).

(a) (b)

Fig. 5. Infeasible cases. (a) Sagittal plane. (b) Lateral plane (particular
solution only).

IV. ZMP MANIPULATION

A. ZMP Manipulation Scheme

In this section, the analytical method to control ZMP

trajectory with closed form functions is introduced. Control-

ling the ZMP trajectory means controlling acceleration of

CM and is effected the particular part of (7). The primary

factors constraining the walking pattern in single support

phase include the single support time and the ZMP trajectory

functions in both sagittal and lateral planes. To formulate

these concepts, let Tst represent the state transition time from

the current WS to the final(desired) WS in the single support

phase, and define the ZMP functions p(t) and q(t) for the

sagittal and lateral planes on this interval. Consequently,

given the current WS, Tst, p(t), q(t) represent the parameters

that influence the WS at the end of the single support phase.

Note that there are infinitely many ZMP trajectories to

transfer current WS to a desired WS. However, it is both

essential and desirable that ZMP functions exhibit the fol-

lowing characteristics:

1) Closed form.

2) Minimum number of orders for real-time calculation.

3) Flow property:

zmpt(zmps(zmp0))=zmpt+s(zmp0) ∀t, s ∈ [0, Tst].
4) Maximum coverage of FR.

Among infinitely many candidate functions, it can be

shown any arbitrary ZMP function can be equivalently

represented by a simple step function. That is, the walking

state obtained at the end of a single support phase given

an arbitrary function can be similarly obtained from an

appropriately selected step function. In other words, FR made

by step function is maximum.

However, there remains a time coupling problem. The

state transition time, Tst, must also be determined along

with the parameters for the step functions. Variation in the

feasibility of motion is of primary importance in the sagittal

direction (variation in walking speed, step length), while

lateral motion is often restricted by kinematic constraints

(caused by collision between the humanoid’s legs). To reflect

this, Tst will be appropriately configured from the sagittal

equations of motion rather than the lateral equations.

To completely specify the ZMP trajectories in single

support phase would require determination of five parameters
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(for step amplitudes and switching times for p(t) and q(t)
and state transition time). In terms of implementation, it is

desirable to reduce this by one so that the parameters may

be exactly determined from the four equations of motion (7).

Subsequently, the use of a constant function was investigated

for the sagittal ZMP function (Fig. 6). Here P and Q

(a) (b)

Fig. 6. Proposed ZMP functions. (a) Constant function (sagittal plane). (b)
Step function (lateral plane).

are the constant and step function amplitudes, Tsw is the

switching time and Tst is the state transition time in the

single support phase. This use of a constant function would

also allow the state transition time to be determined from

the desired walking state in the sagittal plane. A comparison

of the feasible regions for a step and constant function is

illustrated in Fig. 7, where the feasible regions are obtained

by varying Tst and P . Here, Tsw varies from 0 to Tst to

induce maximum FR in case of step function (a).
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(a)
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(b)

Fig. 7. Two feasible regions for the sagittal plane with respect to ZMP
functions. (0 ≤ Tst ≤ 0.4, -1 ≤ P ≤ 1) (a) FR with step function. (b) FR

with constant function.

Each graph displays a sequence of feasible sets with

respect to a discrete set of time values. Keeping in mind

that the FR is the union of all these sets over continuous

time. It can be seen that the effects of utilizing a constant

function in preference to a step function does not reduce the

feasibility of desired motions to a significant extent. Since

this allows a more efficient implementation, this is deemed

acceptable.

With these two ZMP functions ZMP trajectories can be

manipulated on both planes to drive the robot’s CM to the

desired WS from the current WS. Note that this scheme can

be adopted at any point in the single support phase in order to

modify and adjust the robot’s motion throughout this phase.

This proposed scheme is very simple and covers almost all

of the maximum usable FR in both planes.

B. Boundaries of Feasible Regions

With the proposed two ZMP functions, the boundary of

the FR must be investigated to judge whether the desired WS

is in either FR or FRc.

1) Sagittal Motion: In the sagittal motion, a constant ZMP

function is used to manipulate the ZMP trajectory. Thus there

are two control parameters to manipulate WS: Tst and P . The

boundary of FR is determined by minimum and maximum

values of Tst and P .

2) Lateral Motion: In the lateral plane with a step ZMP

function, there remain two undetermined control parameters,

Q and Tsw. These are the step function amplitude and the

switching time, respectively. Note that Tst is no longer a

parameter as it is determined by the sagittal motion analysis.

From (7), the homogeneous part is determined by the pre-

specified Tst. Therefore, it is only necessary to calculate the

particular solution. The Feasible Regions illustrated in Fig. 5

(colored regions) provide a criteria which classifies a desired

WS as feasible or not.

V. EXPERIMENTS

Walking patterns were generated for the small-sized hu-

manoid robot, HanSaRam-VII [9], [10]. Note that the pro-

posed method is not limited to small-sized robots.

A. Simulation Results

Walking patterns for simulations were realized with fol-

lowing CS list:

• Initial c = [0.4 0.2 6.0 6.0 6.0]T .

• After 1st step c = [0.8 0.2 6.0 8.0 5.0]T .

• After 5th step c = [0.5 0.2 4.0 5.0 6.0]T .

• After 6th step c = [0.4 0.2 -2.0 8.0 5.0]T .

• After 7th step c = [0.4 0.2 -5.0 8.0 5.0]T .

• After 8th step c = [0.4 0.2 0.0 6.0 6.0]T .

where time units are given in seconds and length units in

centimeters, respectively. Note that the each CS was not

informed to the robot until the specified time to examine

the effect of immediate CS variation.

Fig. 8 shows the generated walking pattern using the

proposed scheme. As illustrated, the robot follows the CS

−5 0 5 6 10 12 15 18 20 2425 27 30 32 3435 40

−10
−9
−8

−6
−5

−3

0

2

5
6

x [cm]

y
 [

c
m

]

CM Trajectory

Desired Stable Region

Foot Position

Fig. 8. Generated walking pattern using the proposed method. Desired
stable region is set as Pmax=3cm, Pmin=-2cm, Qmax=2cm, Qmin=-
2cm.

exactly, even when the requested walking patterns varied

suddenly, that is, the sudden side and backward walking

motions near the end of the path.
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Fig. 9. Control parameters (T, P, Tsw, Q)

Fig. 9 illustrates changes in the ZMP trajectories (relative

to the center of the supporting foot). ZMP variations can be

seen to occur whenever the CS changes. This corresponds

to forcing particular solutions that accelerate or decelerate

the CM until the current walking state matches the desired

walking state. When the walking pattern is steady-state,

solutions are homogenous and the command state is followed

using the conventional 3D-LIPM solution from step to step.

Note that the maximum variation in the ZMP is less than

1 cm in either the sagittal or lateral planes. This is well

within the limits imposed by the stable margin, even though

dramatic variations in CS were commanded.

B. Experimental Results

Experimental conditions were exactly the same as those

for the simulation. Footsteps successfully follow the des-

ignated pattern instructed by the command state (Fig. 10).

Note that feed-back compensation was not used so that the

proposed control algorithm could be analyzed solely on its

own merits. Subsequently, there existed some noise and offset

when compared to the simulation result. However, the ZMP

trajectory was still within the desired ZMP stable region the

robot was able to perform a stable walk. For more stable

walking, momentum control could be adapted to consider

full body effects.

−5 0 5 10 15 20 25 30 35 40

−10

−5

0

5

10

x[cm]

y
[c

m
]

Fig. 10. ZMP trajectory on the ZMP stable margin. The circle and
rectangle indicates the center of foot position and desired ZMP stable margin
(Pmax=3cm, Pmin=-2cm, Qmax=2cm, Qmin=-2cm), respectively. The
ZMP trajectory is represented by the dotted line.

Fig. 11 shows a sequence of snap shots which capture the

foot placements.. Refer to [11] for a movie clip.

Fig. 11. Snap shots of experimental results (sequentially from left to right
and top to bottom) [11].

VI. CONCLUSIONS

A modifiable walking pattern generator was introduced

and implemented on the humanoid robot HanSaRam-VII.

The proposed method extended the conventional 3D-LIPM

method by manipulating the ZMP while in single support

phase. Using this, the humanoid robot could change both

sagittal and lateral step length as well as the period of the

walking pattern on command. The construction of feasible

regions in both sagittal and lateral phase space was used

as a criteria to determine the dynamic feasibility of desired

motions.
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