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Abstract. This paper proposes a real-time trajectory generation algorithm for both arms of a humanoid robot. Since it is hard to find a
closed form of inverse kinematics for each arm of seven degrees of freedom, the damped least-squares method is employed to obtain the inverse
kinematics. The trajectory is generated by the minimum-jerk method to
maximize the position accuracy. Considering the performance in computation time, a software SD/FAST is used to find a Jacobian matrix of
the arm. Computer simulation was performed to verify the effectiveness
of the proposed algorithm using a Webot simulator for the upper body
of Mybot developed in the RIT Lab., KAIST. The results show that the
proposed algorithm generates trajectory in real-time and it is robust to
singularity.
Keywords: Humanoid robot, Robot arms trajectory generation, Damped
least square, Minimum-jerk.

1

Introduction

Two-arm system of a humanoid robot consists of a trunk and two arms each of
which can be regarded as an independent manipulator. Based on each manipulator control, the robot can manipulate both arms simultaneously and dexterously.
Once the robot is given a task like pointing or reaching a position, it has to provide its arm’s trajectory to reach the position. To make this possible, this paper
proposes a novel algorithm that generates trajectories for both arms in real-time.
The research of manipulator has a long history. It first starts with the problem of inverse kinematics. As the number of robot’s joint increases, nonlinear
terms of inverse kinematics greatly increase. Therefore, it is impossible to find
a closed form of inverse kinematics of the manipulator. Several methods have
been introduced including neural network mapping [1], rapidly random tree in
configuration space [2][3], and iterative method [4]. Even though the inverse
kinematic equations are obtained, the generation of proper trajectory is still a
difficult problem.
In this paper, an efficient real-time trajectory generation algorithm for both
arms of humanoid robot is proposed by employing methods used in robot manipulator control. The damped least-squares method is used to obtain inverse
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kinematics of the arm of seven degrees of freedom. After finding the inverse
kinematics, the minimum-jerk trajectory generation method is used to get the
trajectory of the arm. Proposed algorithm is expected to be used as a core algorithm in task planning of both arms, where both arms need to be manipulated to
do a commanded action. The effectiveness of the proposed algorithm is demonstrated through computer simulation using a Webot simulator for a model of
Mybot, developed in the RIT Lab, KAIST.
This paper is organized as follows. Section 2 describes an arm of Mybot and
its kinematics. Section 3 proposes a real-time trajectory generation algorithm
for both arms of a humanoid robot. Section 4 presents simulations and the results for the Mybot arms. Concluding remarks along with future work follow in
Section 5.

2

Kinematics of an Arm

SD/FAST which is a software developed by Symbolic Dynamics Inc. is used to
obtain kinematic and dynamic equations of a humanoid arm [6]. This software
uses Kane’s formulation and symbolic manipulation to formulate the nonlinear
equations of a multi-body mechanical system [5]. As each arm has seven degrees
of freedom(DOF), the robot has redundant DOFs in 3D Cartesian space. The
feature of left arm is presented in Fig. 1. Entire torso of Mybot consisting of two
arms and trunk is also presented in Fig. 2.

Fig. 1. Hardware Design of 7 DOF Mybot arm.

As shown in Fig. 2, two arms are located on the upper side of trunk. Therefore, there are three Cartesian coordinate systems in the right arm, left arm and
trunk. The coordinate system of trunk is considered as a global or base coordinate system. Each arm has its own coordinate system of which the origin is
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Fig. 2. Mybot’s two arms and trunk.

located at the first joint of arm, and every coordinate system is easly derived
only by multiplying translation transformation matrix to base frame. Therefore,
in the rest of the paper, the trajectory generation method for only one arm is
described. For the other arm, the same procedure is adopted. In other words,
the same trajectory generation algorithm is applied for both arms with each
arm’s own coordinate system. The nominal values of left arm’s physical feature
used in SD/FAST are summarized in Table 1. ‘SH’,‘EL’, and ‘WR’ represent
shoulder, elbow, and wrist, respectively and ‘X’,‘Y’, and ‘Z’ repectively mean
the corresponding rotation axis with respect to the base frame.
Jacobian matrix J, which transforms angular velocity into end-effector velocities in Cartesian space, is given as a 6 × 7 matrix as follow:

q̇1
υx
 q̇2 
 
 υy 
 q̇3 
 
 
 υz 
  = J (q)  q̇4 
 
 ωx 
 q̇5 
 
 
 ωy 
 q̇6 
ωz
q̇7






(1)

where v and w denote linear and angular velocities of end-effector in the Cartesian coordinate system, respectively. The vector q represents joint angle, and q̇
indicates joint angular velocity. A velocity propagation method, which finds angular velocity of each joint from the base frame, is used to calculate the Jacobian
matrix above.

3

Trajectory Generation Algorithm

The overall algorithm is shown in Algorithm 1. If the target position and target
rotation are given to the robot, the algorithm generates tarajectory of an arm
to reach the position. The following notations are used:
T

p0 = x0 y 0 z 0 ψ 0 θ 0 φ 0

,


T
pN = xN y N z N ψ N θ N φ N

(2)
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Table 1. Nominal values of dynamic parameter of 7 DOF humanoid arm
Name Link Length (m) Mass (kg)
SHY

1

0.2 (0.1)

1.0

SHX

2

0.0

0.8

SHZ

3

0.2 (0.1)

1.0

ELY

4

0.0

0.5

WRZ

5

0.2 (0.1)

0.5

WRY

6

0.0

0.3

WRX

7

0.05 (0.05)

0.2

Inertia (kg · m2)

0.1 0.01 0.01
 0.01 0.05 0.01 
 0.01 0.01 0.1 
0.03 0.005 0.005
 0.005 0.08 0.005 
0.005 0.005 0.08

0.15 0.01 0.01
 0.01 0.15 0.01 
 0.01 0.01 0.05 
0.05 0.005 0.005
 0.005 0.01 0.005 
 0.005 0.005 0.05 
0.04 0.004 0.004
 0.004 0.04 0.004 
 0.004 0.004 0.008 
0.03 0.003 0.003
 0.003 0.006 0.003 
 0.003 0.003 0.03 
0.006 0.003 0.003
 0.003 0.03 0.003 
0.003 0.003 0.03

where p0 and pN represent initial pose and final pose of robot arm, respectively,
and [x, y, z]T and [ψ, θ, φ]T represent the position and orientation, respectively.
As the number of samples, N increases, more interpolation points are generated
in trajectory. After interpolated joint values qiref are obtained, the robot follows
the trajectory by assigning joint values.
This algorithm is applied to both arms identically. As mentioned earlier, since
each arm has its own coordinate system, the algorithm is seperately adopted by
each arm based on its own coordinate system. Once the target position is given
based on global coordinate system, the position value is converted into each
arm’s coordinate system and the algorithm is carried out.
Proposed algorithm employs the damped least-squares method [7] in order
to calculate inverse kinematics. Since robot arm has 7 degrees of freedom with
redundant joints, it is hard to find a closed form of inverse kinematics. The
damped least-squares method, also called as Levenberg-Marquardt method, finds
inverse kinematics by using linear velocity, angular velocity and Jacobian matrix
iteratively. The obtained solution is numerically stable [8]. The cost function of
the damped least-squares method is defined as follows [5]:

T

T

T

L(p,q)=(j+1 p−pi ) r1 (j+1 p−pi )+(j+1 p−j p) r2 (j+1 p−j p)+(j+1 q−j q) r3 (j+1 q−j q)

(3)
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Algorithm 1 Trajectory Generation Algorithm
1: procedure Damped Least-Squares(p)
⊲ generating q from p
2:
p0 , pN ← p
⊲ N : the number of samples
3:
while errornorm < e do
⊲ errornorm = pdesired − pcurrent
4:
∆q ← L(p, q)
⊲ L(p, q) : Levenberg-Marquardt method
5:
q = q + ∆q
6:
pcurrent ← F K(q)
⊲ F K : Forward Kinematics
7:
end while
8:
return q0ref , qN
ref
9: end procedure
10: procedure Minimum-jerk Trajectory(q0ref , qN
ref )
11:
qiref , q̇iref , q̈iref ← qref
12:
return qiref
13: end procedure

⊲ i : N samples

where j is the iteration number, r1 , r2 and r3 are constants. When partial derivative according to j+1 q of L is zero, the joint value error becomes a minimum.
Therfore, after taking partial derivative and rearranging the formula, ∆j q can
be expressed as follows:

−1
∆j q = JT JJT + λ2 I
∆p

(4)

where r1 and r2 is set to 1 and r3 is set to λ2 . Accuracy and feasibility of the
result are determined by the damping factor λ. The detailed formulations can
be obatined from [5]. In order to solve the above equation, matrix inversion calculation is required. It is achieved by using a LDLT decomposition [5].
After calculating inverse kinematics, the outputs obtained by the damped
least-squares are only initial and final joint values of required pose. The entire
trajectory, which connects between start position and end position, should be
generated. In the view of joint space, joint values between initial and final joint
values should be determined by the interpolation method. There are many methods that generate a trajectory between two points. The following minimum-jerk
trajectory method is used to maximize the accuracy of joint position:

qiref = q0 + qN − q0 (10k3 − 15k4 + 6k5 )

qN − q0
i
q̇ref =
(30k2 − 60k3 + 30k4 )
N 
qN − q0
(60k1 − 180k2 + 120k3 )
q̈iref =
N2
with
k1 =

i
, k2 = k12 , k3 = k13 , k4 = k14 , k5 = k15
N

(5)
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where i is the sample point index. As the jerk is a rate of acceleration, the position
error is increased as the jerk increases. Furthermore, minimum-jerk trajectory
not only minimizes the position error, but also it makes the trajectory similar
to human arm trajectory [9].

4

Computer Simulations

Webots simulator, which is a development environment to model, program and
simulate mobile robots, was used to test the proposed algorithm. The 3D model
and its nominal values are given in Fig. 2 and Table 1. The algorithm was implemented by C++, and the simulation was performed on a desktop computer.
In the given experimental environment, real world’s physics were not considered in order to concentrate on testing the feasibility of generating trajectory
to the given position. The target position set qN could be obtained from user
in various ways. In this experiment, the target position sets in Fig. 3 were applied to the robot to measure the time for generating trajectories
for two arms.
P
The accuracy was determined by analyzing error norm, i |pi,desired −pi,current |.

Fig. 3. Test position sets.


T
StartP osition : p0 = 0.0 0.0 −0.45 0.0 0.0 0.0

T
P osition1 : p1 = 0.3 0.0 0.0 0.0 0.0 0.0

T
P osition2 : p2 = 0.2 0.3 −0.15 0.0 0.0 0.0

T
P osition3 : p3 = 0.1 0.0 0.1 0.0 0.0 0.0

T
P osition4 : p4 = 0.1 0.12 −0.18 0.0 0.0 0.0

(6)

For given target position sets, the experimental results are summarized in
Table 2 and Fig. 4. The trajectories in Fig. 4 present left arm end-effector’s
trajectory in Cartesian coodrdinate system. Fig. 4 (a) shows the trajectory of
each position set (6), and all of them are drawn in one graph in Fig. 4 (b).
Every position sets start from leftmost pose in Fig. 3. Smooth trajectories are
generated as shown in Fig. 4. Both horizontal and vertical motion trajectories
were generated successfully.
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(b)

Fig. 4. End-effector trajectories for test sets
Table 2. Damped least-squares iteration number and computation time
Set
Position
Position
Position
Position

set
set
set
set

1
2
3
4

iteration computation time (ms) error norm (m)
2612
37.0542
0.000001
2586
50.1257
0.000001
2568
35.9959
0.000001
2518
54.0743
0.000001

The computation time can be varied according to the computation power. In
this simulation, the computation time took more than 30ms but below 60ms.
However, trajectory generation is not required to be performed in every control
period which is usually less than 30ms. While following a current trajectory, the
robot can generate the next trajectory in 60ms for the next motion. Modern
robot real-time system is required under 1ms on motion trajectory generation.
However, due to iterative way of finding a inverse kinematics, it is hard to reduce
computation time by using this generation algorithm. Though it has a limitation
on trajectory generation time for fast control system, the robot can make a path
by itself not just only follwoing pre-programmed path according to given command. Therefore, proposed algorithm can be applied to the real-time trajectory
generation of both arms of a humanoid robot.

5

Conclusions

This paper proposed a real-time trajectory generation algorithm for both arms
of a humanoid robot. Once the target position in Cartesian coodrinate system
was given, the damped least-squares method was used to find inverse kinematics
of start and final positions. After obtaining the inverse kinematics, the algorithm generated an interpolated trajectories which are minimum-jerk trajectories. Computer simulation demonstrated its effectiveness successfully. That is,
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the proposed trajectory generation algorithm shows real-time ability and robustness to singularity. The proposed algorithm is expected to be utilized in
robot motion and task planning applications.
For the future work, robot’s dynamics and real world physics should be considered to be applied to a real robot. The robot should control its arm by torque
based on generated trajectory. In addition, the algorithm still makes a trajectory
without considering self body collision. In other words, the algorithm generates a
trajectory which crosses the trunk or the other hand for reaching a certain position. The algorithm has to make an trajectory with self body collision avoidance
as well as external obstacles.
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